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Abstract 
In this work, a two-dimensional mathematical model is developed to study the flow patterns 
and volumetric flow penetrations in the flow channel over the porous electrode layered system in 
vanadium flow battery with serpentine flow field design. The flow distributions at the interface 
between the flow channel and porous electrode are examined. It is found that the non-linear 
pressure distributions can distinguish the interface flow distributions under the ideal plug flow 
and ideal parabolic flow inlet boundary conditions. However, the volumetric flow penetration 
within the porous electrode beneath the flow channel through the integration of interface flow 
velocity reveals that this value is identical under both ideal plug flow and ideal parabolic flow 
inlet boundary conditions. The volumetric flow penetrations under the advection effects of flow 
channel and landing/rib are estimated. The maximum current density achieved in the flow battery 
can be predicted based on the 100% amount of electrolyte flow reactant consumption through the 
porous electrode beneath both flow channel and landing channel. The corresponding theoretical 
maximum current densities achieved in vanadium flow battery with one and three layers of SGL 
10AA carbon paper electrode have reasonable agreement with experimental results under a 
proper permeability. 
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Nomenclature 
A              area integration 
BC           boundary dondition 
c               concentration (mol cm-3) 
k               permeability of the porous electrode (cm2) 
L               length (cm) 
P               pressure (Pa) 
<P>          average pressure (Pa) 
Q              volumetric flow rate (ml min-1 or cm3 s-1) 
r                distance between adjacent flow channels or length of landing channel/rib (cm) 
t                thickness (cm) 
u               X direction velocity (cm s-1) 
<u>          average X direction velocity (cm s-1) 
v               Y direction velocity (cm s-1) 
<v>          average Y direction velocity (cm s-1) 
w              width (cm) 
X              X direction  
Y              Y direction  
 
Greek symbols  
ε                porosity 
µ               dynamic viscosity (Pa•s) 
υ                kinematic viscosity (cm2 s-1) 
ρ               density of electrolyte fluid (g cm-3) 
Σ               interface 
 
Subscripts 
avg           average value  
cf              between current collector and flow channel 
e               entrance 
f                flow domain  
fc              flow channel 
fp              between flow channel and porous electrode  
in              inlet 
i                number (1, 2, 3, 4, 5 and 6)    
lc              landing channel 
p               porous domain 
pm            between porous electrode and ion selective membrane  
 
Dimensionless number  
Pf
*            Pf (ρuin2)-1 
<Pp>
*      <Pp> (ρuin2) -1 
uf
*             uf uin
-1 
<up>
*      <up> uin
-1 
vf
*            vf uin
-1 
<vp>
*      <vp> uin
-1 
X*            X L-1 
Y*            Y (tf+tp)
 -1 
Re            Reynolds number (ρuintf/µ) 
1. Introduction  
Redox flow batteries (RFBs) technologies have been gained unprecedented attention for 
medium and large-scale energy storage applications [1-3]. In conjunction with electricity 
generation from intermittent renewable energy sources (e.g. wind, tide and solar energy), RFBs 
systems are demonstrated to be alternative tools within enabling improved stability of national 
grid [4]. Until now, several types of RFBs have been developed, typically such as vanadium 
[5,6], iron-chromium [7,8], all iron aqueous/all iron slurry [9], semi-solid lithium [10], etc. 
Designs of new electrolytes and flow cell architectures attract researchers in the field of flow 
batteries. The studies on working mechanism of flow batteries are still going on. In this effort, 
we will study the transport mechanism in a typical all vanadium redox flow battery (VRFB) 
[4,11-13] and one advantage for the VRFB is that species can be reversibly consumed in the 
electrolyte reservoir [5]. Experiments and mathematical modeling are two approaches to study 
the fundamental insights. Compared with experimental studies, the capital costs and labor effort 
can be reduced while crucial understanding of the transport phenomena also can be achieved 
through the computational modeling [14,15]. Earlier work on mathematical modeling of redox 
batteries was reported by Newman et al. [16,17] and they proposed a one-dimensional theoretical 
model to study current distributions and non-uniform kinetic reactions though the porous 
electrode. Shah et al. [18] developed a two-dimensional vanadium flow battery without flow 
channel model to study the transport physics including convection, diffusion and migration in the 
electrode and membrane. Subsequently, You et al. [19] studied the parameter effects on the 
distributions of local reactant concentration, over-potential and transfer current density based on 
the previous reported two-dimensional flow battery model without flow field [18]. A two-
dimensional transient vanadium flow battery without flow field model was developed by Knehr 
et al. [15]. The species crossover at the interface boundary between the electrode and membrane 
were studied. The worked done by Newman et al. [16,17], Shah et al. [18], You et al. [19] and 
Knehr et al. [15] were on the flow batteries without flow fields through the felts (e.g. carbon and 
graphite felts). However, Aaron et al. [20] first reported a vanadium flow cell stack configuration 
with serpentine flow field over carbon paper electrode. The electrochemical performance (e.g. 
limiting current density and peak power density) was improved. The thickness of carbon paper 
electrode (~0.04 cm) [20] used in the flow battery with flow field is much thinner than the 
graphite felt or carbon felt (typical ~0.3 cm) [18,19] used in the one without flow field. Here, the 
flow channels, such as serpentine and interdigitated flow channels were evolved from proton 
exchange membrane fuel cell (PEMFC) design [20,21]. Up to date, few theoretical studies on 
details of RFBs with flow fields have been reported. Ke et al. [22] developed a macroscopic 
model of RFBs with a single passage of the serpentine flow channel. Both numerical and 
analytical flow distributions in the flow channel and porous electrode were studied [23,24]. The 
first mathematical model for predicting the maximum current density achieved in the flow 
battery with flow fields was proposed. This maximum current density model is based on the 
consumption of total flow ion reactants through the porous electrode in the RFBs with flow field 
designs. The thinner carbon fiber paper electrodes (typical 10AA SGL and Toray paper) used in 
the RFBs with flow fields (e.g., serpentine and interdigitated flow channels) can reduce ohmic 
losses compared with the conventional RFBs without flow fields. The electrochemical 
performance of flow cell with flow field design is improved. There are two porous electrode 
configurations of RFBs: (1) the classic RFBs without flow field [14-19] as shown in Fig. 1 (a), 
the electrolyte flow through a thick electrode; (2) the RFBs with flow field [20-26] as shown in 
Fig. 1 (b), the electrolyte flows through the flow channel and by-pass into a thinner electrode. 
The fundamental studies on the flow details in the flow batteries with flow field designs are quite 
few. The deep mechanism of electrolyte flow reactant penetration into the porous electrode from 
the flow channel is not well understood. There are two typical experimental approaches to 
characterize the electrolyte flow dispersion: visualization [27] and residence time distribution 
(RTD) [28] techniques. The visualization technique can capture the transport process (e.g. 
streamline) of electrolyte flow and RTD can calculate the time that particles go through the 
reactors based on the probability function. Although both visualization and RTD approaches are 
always prior to multiphysics modeling on characterization of flow dispersion, it seems that they 
have less capabilities of capturing how much amount of electrolyte flow penetration through the 
porous electrode. In this study, the amount of electrolyte flow penetration from the flow channel 
into the porous electrode is concerned. The flow penetration and possible maximum current 
density achieved based on 100% utilization of electrolyte through the porous electrode is also 
correlated. Thus, the multiphysics modeling approach is preferred to visualization and RTD 
techniques in this study on electrolyte flow penetration. 
    The motivation of this work on vanadium flow battery with flow field design over carbon 
paper electrodes compared with classic one without flow field design through the carbon felts is 
based on two possible merits: (1) the forced convection through the flow fields can enhance the 
mass transport through the electrode layer and (2) thinner carbon paper electrode (hundred 
microns) has lower ohmic loss in contrast to the thicker carbon felts (several millimeters). In this 
article, we study the flow patterns in the flow channel and porous electrode to explain the role of 
the convection consequently mass transfer in the flow batteries with flow field design as shown 
in Fig. 1 (b). The flow penetration or volumetric flow rate within the porous electrode is studied 
under both ideal plug flow inlet and ideal parabolic flow inlet boundary conditions. The 
maximum current density achieved in the flow cell can be estimated by the function of calculated 
volumetric flow rate within the porous electrode, number of electron transferred, Faraday 
constant, ion concentration and contact area between the flow channel and porous electrode. This 
mathematical model should contribute a certain guidance on performance optimization of flow 
batteries with flow field designs. 
 
 Fig. 1. Two-dimensional configurations of RFBs without and with flow fields: (a) classic flow 
cell without flow field (not drawn to scale) and (b) flow cell with flow field (not drawn to scale) 
 
2. Two-dimensional Flow Cell Model  
In this analysis, the simplified two-dimensional model of RFBs with flow field (see Fig. 1 (b)) 
is shown in Fig. 2 (a) (not drawn to scale) for Fig. 2 (b) (not drawn to scale, see (b. 1)). The 
actual three-dimensional model of a serpentine flow channel over the porous electrode as shown 
in Fig. 2 (b) (not drawn to scale, see (b. 2)) is simplified assumed as several periodic components 
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of straight flow channels (see (b. 1)) and landing channels (see (b. 3)). The volumetric flow 
penetrations within the porous electrode under the advection effects from both flow channel and 
landing channel are considered. In this paper, the volumetric flow penetration under the rib 
advection is estimated through the calculated volumetric flow penetration under the flow channel 
advection. In the flow channel, the corresponding non-dimensional flow motions along the X and 
Y directions are governed by Navier-Stokes equation as shown in Eqs. (1) and (2). The flow 
physics in the porous electrode are described by Brinkman-Darcy model [22] with non-
dimensional forms as shown in Eqs. (3) and (4) along the X and Y directions, respectively. The 
non-dimensional terms are defined in the Nomenclature section. The dimensionless equations 
that describe the flow physics in the flow channel and porous electrode are given  
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Where, the non-dimensional parameters are defined as: X* (X L-1), Y* (Y (tf+tp)
 -1), uf
* (uf uin
-1), vf
* 
(vf uin
-)1, Pf
* (Pf (ρuin2)-1), <up>* (<up> uin-1),  <vp>* (<vp> uin-1), <Pp>* (<Pp> (ρuin2) -1) and Re 
((ρuintf/µ)). tf is the length of flow channel, tp is the thickness of flow channel, L is the length of 
flow channel, k is the permeability of porous electrode and ε is the porosity of porous electrode.   
3. Simulation Methods and Parameters  
The mathematical model is solved in the multi-physics CFD package COMSOL 3.5 a software 
together with self-written MATLAB programing codes. The non-linear PARDISO solver is 
adopted. The type of mesh employed is advancing front triangular unstructured grid. The 
importance of the mesh density around the interface between the flow channel and porous 
electrode leads to a refinement of the grids. An example of refined mesh for the part of geometry 
with one layer of carbon electrode is shown in Fig. 2 (c). The grids independent analysis was 
made to guarantee the mesh quality. The maximum number of refined grids is 416,840. The 
relative tolerance is 10-6. All the results presented here are independent with mesh number. Two-
dimensional physical parameters for dimensions, properties and initial operation conditions are 
given in Table 1 [20,22-24]. The thickness, width and length for a single passage of the 
serpentine flow channel are measured corresponding to be 0.1 cm, 0.1 cm and 2 cm, respectively. 
The thickness for a single layer of 10 AA SGL carbon fiber paper electrode is ~0.041 cm. The 
entrance volumetric flow rate Qin=20 cm
3 min-1 gives uin=33.3 cm s
-1 and it is based on the cross 
section dimension of the flow channel. Compared with classic electrochemical engineering 
reactors [29-34], there is no turbulence promoter with separation “S” term involved in our VRFB 
with flow fields. The width (B) of electrode simulated in one segment of flow channel over 
electrode layer is 0.1 cm. The Reynolds number of electrolyte flow is 91.5 based on the entrance 
volumetric flow rate of 20 cm3 min-1 and properties of electrolyte as shown in Table 1.  
 
 
The literature on the permeability of typical carbon fiber electrode is limited. Gostick et al. [35] 
pointed out that this value could be 1×10-11 m2 while the one reported by Weber et al. [1] was 
2×10-11 m2. Nevertheless, the permeability is estimated to be 2.31×10-10 m2 through using 
Carman-Kozney model [36,37]. In the last section, the effect of permeability on maximum 
current density brought by the volumetric flow penetration through the porous electrode will be 
discussed. As matter of fact, the degradations [38,39] of carbon paper electrode or carbon felts 
(typical electrodes used in practical vanadium flow batteries) are hard to be avoidable during the 
flow battery cycling. The degradation mechanisms of electrodes used in VRFB on their 
conductivities and permeability are beyond the scope of this study. The permeability of electrode 
layer is assumed to be invariable in this work. We also have examined the effect of permeability 
on volumetric flow penetration and maximum current density in later sections 4.3 and 4.4.  
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Fig. 2. (a) Two-dimensional model of flowing through the straight flow channel and over the 
porous electrode in the RFBs with flow field (not drawn to scale); (b) three-dimensional model 
(not drawn to scale): (b.1) straight flow channel over porous electrode, (b.2) serpentine flow 
channel over porous electrode and (b.3) landing channel view of (b.2) and (c) an example of 
refined mesh for a part of the flow channel and porous electrode domains of (a) 
 
The continuities of flow velocity and normal stress are applied at the interface boundary between 
the flow channel and porous electrode (BC #4, see Fig. 2 (a)) [40-44]. The flow velocity and 
pressure type are defined at BC #1 (see Fig. 2 (a)) and BC #3 (see Fig. 2 (a)), respectively. BC #2 
(see Fig. 2 (a)), BC #5 (see Fig. 2 (a)) and BC #6 (see Fig. 2 (a)) are set as “no slip” boundary 
conditions. Under the realistic flow cell operation condition in the experiments, plastic tubes are 
used to connect the tank electrolyte reservoirs and holes in the graphite plates engraved with 
serpentine flow fields. The layouts of holes and serpentine flow fields are relied on the designs 
and constructions of flow cell hardware. The possible designs for the incoming electrolyte flow 
direction in the hole is either perpendicular (see Fig. 3 (a) or (d) and (b) or (e)) or parallel (see 
Fig. 3 (c) or (f)) to the inlet of serpentine flow field. The only difference between Fig. 3 (a) or (d) 
and (b) or (e) is the head flow channel. For the case of Fig. 3 (a) or (d), this incoming electrolyte 
flow directly goes into the flow field after 90 degree turn from the perpendicularly oriented 
feeder tube. The electrolyte flow does not have chance to develop and this type of flow is more 
likely to be uniform [45]. This uniform flow is treated as ideal plug flow inlet condition for the 
electrolyte flow through the serpentine flow field over electrode layer. Nevertheless, for the case 
of Fig. 3 (b) or (e), the electrolyte flow has a chance to develop in a head flow channel prior to 
flow through the serpentine flow field-electrode layer system and this type of flow is more likely 
to be parabolic [45]. This flow mode is considered as ideal parabolic flow inlet condition. The 
case of Fig. 3 (c) or (f) is not a typical one for the experimental flow cell hardware. Under the 
parallel flow condition, the incoming electrolyte flow has a chance to develop through the plastic 
tube without any 90 degree turn from the plastic feeder tube. It is likely that the fully developed 
regime is approached. This type of flow condition is similar to the one of Fig. 3 (b) or (e) as ideal 
parabolic flow condition. Both ideal plug flow inlet and ideal parabolic flow inlet conditions are 
discussed in this study. The inlet flow condition is also affected by the rheology of electrolyte. 
For example, the plug flow inlet condition will occur when electrolyte has a high viscosity (e.g. 
electrolyte containing particles or suspension or slurry or semi-solid electrolyte) [9,10,46-52]. 
High viscosity electrolyte can be considered as the non-Newtonian flow and used in the 
electrochemical flow capacitor (EFC). Also, the shear thinning behavior can be observed in the 
suspension or slurry or semi-solid non-Newtonian electrolyte flow. This transport phenomenon is 
related to the relationship between electrolyte viscosity and shear rate. Under the condition of 
increasing viscosity vs. decreasing shear rate, the shear thinning behavior occurs. Vice versa, the 
shear thickening behavior occurs under the condition of increasing viscosity with increasing 
shear rate. The discussions of the non-Newtonian electrolyte flow is beyond the scope of this 
study. 
 
 
 
 
 
 
 Fig. 3. Schematic diagram of possible electrolyte flow types in RFBs with serpentine flow field: 
(a) incoming electrolyte flow is perpendicular to serpentine flow field without head flow channel; 
(b) incoming electrolyte flow is perpendicular to serpentine flow field with head flow channel; (c) 
incoming electrolyte flow is parallel to serpentine flow field; (d) two-dimensional flow channel-
porous electrode view of (a); (e) two-dimensional flow channel-porous electrode view of (b) and 
(f) two dimensional flow channel-porous electrode view of (c)  
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4. Results and Discussions  
4.1 Flow patterns  
    The evolutions of non-dimensional uf
* (uf uin
-1) and <up>
* (<up> uin
-1) given in Table 1 along 
the normalized longitudinal Y* (Y (tf+tp)
 -1) from -0.29 to 0.71 for four different X* (X L-1): 0, 0.1, 
0.2 and 0.7 as the flow develops from ideal parabolic flow type entrance to developing (the 
gradient of velocity along X* (X L-1) is not zero and in the progress of approaching to be zero) 
and fully developed (the gradient of velocity along X* (X L-1) is zero) regions are shown in Fig. 4. 
In order to clearly visualize the flow in the porous electrode, the permeability of 9.7×10-9 m2 is 
applied. The normalized average velocity uf
*
avg defined in Eq. (5) [22,23] decreases from 1 to 
0.94 while <up>
*
avg
 defined in Eq. (6) [22,23] shows an opposite tendency that increases from 0 
to 0.15 as the fully developed region is approached.  
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 Fig. 4. Non-dimensional flow patterns for uf
* (uf uin
-1) and <up>
* (<up> uin
-1) with Y* (Y (tf+tp)
 -1) 
from ideal parabolic flow inlet to developing and fully developed regions in the flow channel and 
porous electrode at four X* (X L-1): 0, 0.1, 0.2 and 0.7 (k=9.7×10-9 m2, ε=0.78, Re=91.5) 
 
4.2 Flow and pressure distributions  
The flow distributions under the conditions of ideal plug flow inlet and ideal parabolic flow 
inlet are studied. In our previous publication (Ref. [23]), a shoot (means a dramatic increase) was 
found in the flow velocity distributions in the porous layer with a small X* (X L-1) when the ideal 
plug flow inlet condition was applied. A possible reason is that the interface forwarding 
electrolyte flow momentum through the flow channel force the electrolyte with a fast penetration 
near to the left wall (BC #5, see Fig. 2 (a)) of the porous electrode at the interface under the ideal 
plug flow inlet condition. Nevertheless, the shoot disappears under the ideal parabolic flow inlet 
condition. The normalized flow velocity <up>
* (<up> uin
-1) distributions along X* (X L-1) for 
different Y* (Y (tf+tp)
 -1) in the porous electrode is shown in Fig. 5. It is found that almost no 
shoot occurs in Fig. 5 (b) under the ideal parabolic flow inlet condition. A possible explanation is 
that the initial entrance interface velocity is zero, and no large flow momentum could drag the 
flow in the flow channel with a sharp penetration into the porous electrode under the ideal 
parabolic flow inlet condition.  
 
Fig. 5. The trend of normalized uf
* (uf uin
-1) and <up>
* (<up> uin
-1) with X* (X L-1) from 0 to 1 at 
six Y* (Y (tf+tp)
 -1): 0.390, 0.319, 0.284, -0.071, -0.142 and -0.213 in the flow channel and 
electrode under ideal parabolic flow inlet condition (“no shoot”) 
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 Fig.6. Dimensionless Pf
*  (Pf (ρuin2)-1) and <Pp>* (<Pp> (ρuin2) -1) distributions along X* (X L-1) at 
seven Y* (Y (tf+tp)
 -1): -0.213, -0.142, -0.071, 0.142, 0.284, 0.426 and 0.567; (b) and (c) are the 
corresponding enlarged local curves of Fig. 4 (a) 
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The shoot phenomenon also can be explained through the pressure distributions as shown in Fig. 
6. The normalized pressure distribution along X* (X L-1) in the flow channel and the porous 
electrode at seven different Y* (Y (tf+tp)
 -1) as Reynolds number is 91.5 under the ideal plug flow 
inlet condition is presented. Fig. 6 (b) and (c) are the enlarged local curves of Fig. 6 (a). As X* (X 
L-1) ranges from ~0.15 to ~0.85, the non-dimensional Pf
* (Pf (ρuin2)-1) is almost equal to <Pp>* 
(<Pp> (ρuin2) -1), where the fully developed regime is approached. Pf* (Pf (ρuin2)-1) is larger than 
<Pp>
* (<Pp> (ρuin2) -1) when X* (X L-1) is from 0 to ~0.03 at the beginning of the flow, then 
electrolyte fluid is driven into the porous electrode from the flow channel. When X* (X L-1) is 
from ~0.03 to ~0.15, Pf
* (Pf (ρuin2)-1) is slightly smaller than <Pp>* (<Pp> (ρuin2) -1), some flow 
is forced back into the flow channel from the porous electrode. At the end of the flow, the 
pressure in the porous layer is larger than in the flow channel as shown in Fig. 6 (c), and it can 
drive the flow back into the flow channel from the porous electrode. Nevertheless, no electrolyte 
flow is driven out at the beginning of the flow under the ideal parabolic flow inlet condition. Fig. 
5 also reveals that some back flow occurs and it can be explained through the non-dimensional 
pressure distributions as shown in Fig. 5.   
4.3 Interface flow and volumetric flow penetration  
The distributions of flow velocity v along the Y direction at the interface between the flow 
channel and porous electrode under the ideal plug flow and the ideal parabolic flow inlet 
conditions are shown in Fig. 7 (a) and (b), respectively. At most part of the interface between the 
flow channel and porous electrode, except at the beginning and end of the flow, v velocity is 
almost zero. The reason is that the flow entrance length under the ideal plug flow inlet condition 
is ~ 0.4 cm to 0.5 cm as shown in Fig. 8 (b) based on the initial mean velocity of 33.3 cm s-1 or 
the initial entrance volumetric flow rate of 20 cm3 min-1. The entrance length is even shorter 
under the ideal parabolic flow inlet condition as shown in Fig. 8 (d). The total length of the flow 
channel is 2 cm and this means that at least around 75% to 80% region of the flow channel and 
porous electrode are in the fully developed regime. Under this case, there is no pressure 
difference between the flow channel and porous electrode as the electrolyte flow comes to the 
fully developed regime. Flow penetration cannot occur at the interface without pressure driven 
force.  
 
 
Fig. 7. v velocity distributions at the interface between the flow channel and porous electrode: (a) 
ideal plug flow inlet condition and (b) ideal parabolic flow inlet condition (single layer of 10 AA 
carbon fiber paper, Qin=20 cm
3 min-1) 
 
The enlarged local curves for the beginning and end of the flow as shown in Fig. 7 can be 
visualized through Fig. 8 (a)-(e). It is found that electrolyte flow penetrates into the porous 
electrode, then is pushed back into the flow channel at the beginning of the flow under the ideal 
plug flow inlet condition as shown in Fig. 8 (a)-(c) while the electrolyte flow just penetrates into 
the porous layer at the beginning of the flow as shown in Fig. 8 (d) and (e) under the ideal 
parabolic flow inlet condition. At the end of flow, all the flow is driven back into the flow 
channel and this is because of a no slip wall boundary condition (BC #6, see Fig. 2 (a)). 
 
 
(a) 
(d) 
(c) (b) 
(e) (f) 
Fig. 8. Enlarged local curves of Fig. 7 for the v velocity distributions at the beginning and the 
end of flow: (a), (b) and (c) under ideal plug flow inlet condition; (d) and (e) under ideal 
parabolic flow inlet condition and (f) u velocity distributions as the fully developed regime is 
approached (single layer of 10 AA carbon fiber paper, Qin=20 ml min
-1) 
 
Although the flow penetration can be output directly from the model, more details on how is the 
flow penetration through the interface between the flow channel and porous electrode calculated 
under both the ideal plug flow inlet and ideal parabolic flow inlet boundary conditions are 
explained. The flow penetration through the interface is the integral of velocity that is 
perpendicular to the interface (v velocity). Under the ideal plug flow inlet condition, the 
electrolyte flow sharply penetrates into the electrode at the very beginning and then penetrates 
out with a little bit amount. At the end of flow, all electrolyte is penetrated out. It can be seen 
that there are three regions (A1, A2 and A3) of local flow penetration (with a “shoot”) for the 
electrolyte flow under the ideal plug flow inlet condition. However, only two regions (A4 and A5) 
of local flow penetration (without a “shoot”) occur under the ideal parabolic flow inlet condition. 
Under the fully developed regime, no flow penetration occurs. Five piecewise functions of A1, A2, 
A3, A4 and A5 as shown in Fig. 8 (a)-(e) are defined  
 
𝐴1 = ∫ (𝑣𝑝)∑𝑓𝑝
𝑑𝑋
𝑋𝑣1
0
                                                                                                                      (7) 
 
𝐴2 = ∫ (𝑣𝑝)∑𝑓𝑝
𝑑𝑋
𝐿𝑒1
𝑋𝑣1
                                                                                                                      (8) 
 
𝐴3 = ∫ (𝑣𝑝)∑𝑓𝑝
𝑑𝑋
𝐿
𝑋𝑣2
                                                                                                                       (9)                                                                                                                                 
 
𝐴4 = ∫ (𝑣𝑝)∑𝑓𝑝
𝑑𝑋
𝐿𝑒2
0
                                                                                                                    (10)                                                                                                                              
 
𝐴5 = ∫ (𝑣𝑝)∑𝑓𝑝
𝑑𝑋
𝐿
𝑋𝑣3
                                                                                                                     (11)         
                                                                  
Where, Xv1 is the length from the entrance flow to the flow starting to penetrate out from the 
porous electrode into the flow channel at the interface at the beginning of flow under the ideal 
plug flow inlet condition; Le1 is the entrance length under the ideal plug flow inlet condition; Xv2 
is the length from the entrance flow to the flow second time penetrating out from the porous 
electrode at the interface under the ideal plug flow inlet condition; Le2 is the entrance length 
under the ideal parabolic flow inlet condition and Xv3 is the length from the entrance flow to the 
flow starting to penetrate out from the porous electrode into the flow channel at the interface 
under the ideal parabolic flow inlet condition. A1, A2, A3, A4 and A5 are the integrations of v 
velocity along the interface between the flow channel and porous electrode. The conservation of 
volumetric flow rate gives the value of (A2-A1) and it is equal to A3, -A4 and A5. Moreover, the 
volumetric flow rate within the porous electrode is calculated by the integration through the 
interface is also equal to the integration of X direction velocity <up> along the Y direction in the 
porous electrode (see A6) when fully developed flow regime is approached as shown in Fig. 8 (f). 
The formula of A6 is given [22-24] 
 
𝐴6 = ∫ (〈𝑢𝑝〉)𝑓𝑑𝑑𝑌
0 
−𝑡𝑝
                                                                                                                   (12) 
Therefore, the volumetric flow penetration through the porous electrode (Qp)fc under the flow 
channel advection as shown in Eq. (13) is equal to wfc (A2-A1), wfcA3, -wfcA4, wfcA5 or wfcA6 
 
(𝑄𝑝)𝑓𝑐 =
{
 
 
 
 
𝑤𝑓𝑐(𝐴2 − 𝐴1)
𝑤𝑓𝑐𝐴3
−𝑤𝑓𝑐𝐴4
𝑤𝑓𝑐𝐴5
𝑤𝑓𝑐𝐴6
                                                                                                            (13)  
 
Here, (Qp)fc is the volumetric flow penetration through the porous electrode beneath the flow 
channel. As the electrolyte flow approaches from the initial inlet type to fully developed regime, 
the implicit form of (Qp)fc is discussed through Eq. (7) to Eq. (13). More importantly, the 
landing/rib advection can force much more volumetric flow penetration through the porous 
electrode. For the segment of one flow channel and one landing/rib, the flow penetration under 
the rib advection can be estimated (see appendix section) 
 
(𝑄𝑝)𝑙𝑐~
𝐿
𝑟
(𝑄𝑝)𝑓𝑐                                                                                                                          (14) 
 
Where, r is the distance between the adjacent flow channels or length of landing/rib and L is the 
length of flow channel. In the experimental measurement, r and L is corresponding to be 0.1 cm 
and 2 cm. It is clear from Eq. (14) that the order magnitude of volumetric flow penetration 
through the porous electrode under the landing/rib advection is ~ 20 times to be the one under 
the flow channel advection. The total volumetric flow penetration through the porous electrode 
under both advections by flow channel and landing/rib is estimated (see appendix section) 
 
 (𝑄𝑝)𝑡𝑜𝑡 = (𝑄𝑝)𝑓𝑐 + (𝑄𝑝)𝑙𝑐~(1 +
𝐿
𝑟
)(𝑄𝑝)𝑓𝑐                                                                               (15) 
 
The total volumetric flow penetration through the porous electrode can be related to the 
dimensions of the flow cell (e.g. length, width and thickness of flow channel and porous 
electrode), properties of electrolyte (e.g. density and dynamic viscosity), properties of porous 
electrode (e.g. porosity and permeability), initial ion concentration and entrance volumetric flow 
rate (or entrance mean linear velocity). 
4.4 Discussions on estimated maximum current density  
The second law of Faraday’s electrolysis and volumetric flow balance through the porous 
electrode yield that the maximum current density can be achieved in RFBs with flow field design 
limited by the 100% amount of electrolyte reactant consumption through the porous electrode 
under both flow channel and landing/rib advections yields 
 
𝑖𝑚𝑎𝑥 =
𝑛𝐹𝑐(𝑄𝑝)𝑡𝑜𝑡
(𝑤𝑓𝑐+𝑟)𝐿
                                                                                                                          (16) 
 
Where, n is the number of electron transferred in the chemical reactions (n=1, vanadium flow 
battery), F is the Faraday constant (96,485 C mol-1), c is the bulk concentration (0.001 mol cm-3), 
(Qp)tot is the total volumetric flow rate through the porous electrode as shown in Eq. (14), wfc is 
the width of the flow channel, r is the distance between adjacent flow channels or length of 
landing/rib and L is the length of flow channel. Based on the permeability of 2.31×10-6 cm2 
estimated by Kozeny-Carman model [36,37], the corresponding theoretical maximum current 
density estimated by Eq. (16) is 7,917 mA cm-2 (vs. experimental result of ~400 mA cm-2, [20]) 
and 15,204 mA cm-2 (vs. experimental result of ~750 mA cm-2, [14]) for one layer and three 
layers of SGL 10AA carbon paper electrode. However, Weber et al. [1] (k=2×10-7 cm2) and 
Gostick et al. [35] (k=1×10-7 cm2) pointed out that the permeability for the typical carbon paper 
electrode could be the order of 10-11 m2. It is likely that the permeability estimated by Kozeny-
Carman is over-estimated. If the permeability of 1×10-7 cm2 is applied, then the corresponding 
maximum current density estimated by Eq. (16) is 343 mA cm-2 and 658 mA cm-2 for one layer 
and three layers of SGL 10AA carbon paper electrode. It is clear that the theoretical maximum 
current density achieved is sensitive to the value of permeability. The discrepancy between the 
theoretical maximum current density and experimental value can be caused by the accuracy of 
parameters (such as permeability, dynamic viscosity, etc.) as shown in Table 1. The full 
serpentine flow dynamic pattern in the three-dimensional model of serpentine flow channel over 
the porous electrode will be explored in the future. The further work on mathematical 
optimizations of flow batteries with different flow field designs is still needed. In this work, we 
explore flow penetration and its related maximum current density in vanadium flow battery with 
flow field design over carbon paper electrode. Compared with classic one without flow field 
design through the carbon felts, two possible benefits brought by using flow field design within 
improving electrochemical performance: (1) lower ohmic loss in carbon paper electrode (e.g. 
hundred microns) compared with carbon felts (e.g. several millimeters) and (2) stronger mass 
transfer through the electrode layer from the flow field caused by the forced convection. 
Nevertheless, one significant drawback for the flow cell with flow field manifolds is the issue of 
non-uniform flow reactant distribution within the electrode. A “dead zone” for electrolyte flow 
always occurs at the flow cell with a bad flow field design. Thus, the optimizations of flow 
distributions for flow cells with flow field designs by mathematical modeling approaches are 
desired. The understanding of transport mechanism in the flow cell can be achieved through both 
experiments and mathematical modeling. Typically, multiphysics modeling analysis is always 
much cheaper and quicker compared with experimental studies. 
Concluding remarks  
A simplified two-dimensional mathematical model is developed to study the electrolyte flow 
patterns and volumetric flow penetrations in the flow channel over the carbon fiber paper 
electrode layered system in vanadium flow battery with serpentine flow field design. It is found 
that the interface flow distributions is different under the ideal plug flow inlet and ideal parabolic 
flow inlet conditions and this is caused by non-linear pressure behaviors in the flow channel and 
porous electrode at the beginning and end of flow. The mathematical model of volumetric flow 
penetration through the integration of interface flow velocity reveals that the volumetric flow 
penetration within the porous electrode by the flow channel advection is equal under both ideal 
plug flow and ideal parabolic flow inlet conditions. Flow penetrations under both effects of flow 
channel and landing/rib advections are estimated. The maximum current density achieved in the 
flow battery can be predicted based on the 100% amount of electrolyte flow reactant 
consumption through the porous electrode beneath both flow channel and landing/rib. It is found 
that the corresponding maximum current density estimated is sensitive to the value of 
permeability. Based on a proper permeability, the theoretical maximum current density have 
reasonable agreement with experimental results of vanadium flow battery with one and three 
layers SGL 10AA carbon paper electrode.  
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Appendix 
The effect of landing/rib on the flow penetration in the actual three-dimensional model is 
incorporated in this two-dimensional model through the scaling analysis. The derivation process 
of Eqs. (14) and (15) are explained in this appendix section. The serpentine flow field over 
electrode layer can be considered as several periodic segments of two adjacent flow channels (#1 
and #2) and one landing/rib channel over the electrode layer. This is illustrated in Fig. A1: (a) #1 
flow channel over the electrode; (b) one landing channel over the electrode and (c) #2 flow 
channel over the electrode. The mathematical derivation process of average velocity and 
volumetric flow rate through the electrode is described. For Fig. A1 (a), the average flow 
velocity and volumetric flow rate through the porous electrode based on Darcy’s law yield 
 
〈𝑢𝑝〉𝑓𝑐,1 = −𝑘𝛻(𝑃𝑝)/𝜇~𝑘 ((𝑃𝑝)1 − (𝑃𝑝)2) /𝜇𝐿𝑝                                                                     (A.1) 
 
(𝑄𝑝)𝑓𝑐,1 =
〈𝑢𝑝〉𝑓𝑐,1𝑤𝑝𝑡𝑝~𝑘𝑤𝑝𝑡𝑝 ((𝑃𝑝)1 − (𝑃𝑝)2) /𝜇𝐿𝑝                                                           (A.2) 
Where, k is the permeability of porous electrode, μ is the electrolyte dynamic viscosity, wp is the 
width of porous electrode, tp is the thickness of porous electrode and Lp is the length of porous 
electrode. 
 
Fig. A1 Schematic diagram of flow penetration through the porous electrode under the effect of 
landing/rib: (a) one flow channel (#1) over the electrode; (b) one landing channel over the 
electrode and (c) adjacent flow channel (#2) over the electrode. 
 
For Fig. A1 (b), the average flow velocity and volumetric flow rate through the electrode beneath 
the landing channel 
 
〈𝑣𝑝〉𝑙𝑐 = −𝑘𝛻(𝑃𝑝)/𝜇~𝑘 ((𝑃𝑝)2 − (𝑃𝑝)3) /𝜇𝑟                                                                           (A.3) 
 
(𝑄𝑝)𝑙𝑐 =
〈𝑣𝑝〉𝑙𝑐𝐿𝑝𝑡𝑝~𝑘𝐿𝑝𝑡𝑝 ((𝑃𝑝)2 − (𝑃𝑝)3) /𝜇𝑟                                                                    (A.4) 
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Where, r is the distance between adjacent flow channels (#1 and #2). For Fig. A1 (c), the average 
flow velocity and volumetric flow rate through the porous electrode 
 
〈𝑢𝑝〉𝑓𝑐,2 = −𝑘𝛻(𝑃𝑝)/𝜇~𝑘 ((𝑃𝑝)3 − (𝑃𝑝)4) /𝜇𝐿𝑝                                                                     (A.5) 
 
(𝑄𝑝)𝑓𝑐,2 =
〈𝑢𝑝〉𝑓𝑐,2𝑤𝑝𝑡𝑝~𝑘𝑤𝑝𝑡𝑝 ((𝑃𝑝)3 − (𝑃𝑝)4) /𝜇𝐿𝑝                                                          (A.6) 
 
In this simulation with a small Reynolds number of 91.5, laminar flow regime is approached as 
the electrolyte flow through the flow channel and porous electrode. The pressure in the laminar 
flow always exhibits a linear behavior and this also can be demonstrated by Fig. (6): the pressure 
in most part region of flow channel and porous electrode is linear. The pressure gradient in (a), 
(b) and (c) as shown in Fig. A1 can be approximated to be equal  
 
((𝑃𝑝)1 − (𝑃𝑝)2) /𝐿𝑝~((𝑃𝑝)2 − (𝑃𝑝)3) /𝑟~ ((𝑃𝑝)3 − (𝑃𝑝)4) /𝐿𝑝                                           (A.7) 
 
Thus, Eqs. (A.2), (A.4), (A.6), (A.7) yield 
 
(𝑄𝑝)𝑓𝑐,1~(𝑄𝑝)𝑓𝑐,2~(𝑄𝑝)𝑙𝑐𝑟/𝐿𝑝                                                                                                (A.8) 
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